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Abstract. We define new bordism and spin bordism invariants of certain 
subgroups of the mapping class group of a surface. In particular, they are 
invariants of the Johnson filtration of the mapping class group. The second 
and third terms of this filtration are the well-known Torelli group and John- 
son subgroup, respectively. Wc introduce a new representation in terms of 
spin bordism, and we prove that this single representation contains all of the 
information given by the Johnson homomorphism, the Birman-Craggs homo- 
morphism, and the Morita homomorphism. 



Let S Sj i be a compact, oriented surface of genus g with one boundary compo- 
nent. Let T 9t i be the mapping class group of That is, T g< i is the group 
of isotopy classes of orientation-preserving homeomorphisms of E 9j i which fix the 
boundary. The study of mapping class groups has important applications in many 
different areas of topology, differential geometry, and algebraic geometry. Here we 
are particularly interested in T g _i within the area of 3-manifold topology. 

The mapping class group r 9j i acts naturally by automorphisms on the funda- 
mental group F = 7Ti(E Si i), which is a free group of rank 2g. Then we have the 
induced representation r g .i — » Aut(_F), and this representation is known classically 
to be injective. Let {Fk} k>1 be the lower central series of F. That is, Fi = F 
and the rest of the terms are defined inductively by F^+i = [i*k, F±] for any k > 1. 
Then T g j acts naturally on the nilpotent quotients F/F^, providing a series of 
representations 



Note that F/F2 is isomorphic to the first homology group H% = Hi(X) 9) i; Z), and 
P2 is the same as the classical representation T g i — > Sp(2g; Z) of the mapping class 
group onto the Siegel modular group, which is the group of symplectic automor- 
phisms of Hi with respect to the skew-symmetric intersection pairing. 

The generalized Johnson subgroup J(k) C r fl) i is defined to be the kernel of 
Pk- That is, J(k) is the subgroup of the mapping class group consisting of those 
homeomorphisms which induce the identity on F/Fk. The subgroup J (2) = Tg r i 
is more commonly known as the Torelli group, and ^7(3) = K, g \ is traditionally 
referred to as the Johnson subgroup. The Johnson subgroup was originally defined 
to be the subgroup of r 9i i generated by all Dehn twists about separating simple 
closed curves on £ S) i. The fact that these two definitions of K, gt \ are equivalent 
was proved by D. Johnson in |J5| . 



1. Introduction 




Date: November 10, 2004. 



2 



AARON HEAP 



To get a better understanding of the structure of the subgroup J^(k), it is natural 
to seek abelian representations for it. That is, we would hope to understand 
better by investigating abelian quotients of it. The first such quotient of the Torelli 
group J {2) was given by a homomorphism due to D. Sullivan in |Su| . Johnson gave 
another homomorphism for J "(2), of which Sullivan's is a quotient, in [J2]. He later 
generalized this homomorphism to J(k) for all k > 2 in |J3| . thus giving a family 
of homomorphisms 

r k : J(fc)->Hom(ffi,-^y , 

now known as the Johnson homomorphisms. In the case k — 2, the image of t 2 is 
known to be a submodulc D 2 {H 1 ) of Horn ( Hi, F/F 2 ) — Hom(iJi, Hi). Moreover, 
the kernel of t 2 is known to be J{2>). In general, kerr^ = J (k + 1). However, the 
image of t& is not known for k > 3, and it is a fundamental problem in the study 
of the mapping class group to determine its image. 

In |BCj J. Birman and R. Craggs produced a collection of abelian quotients 
of J {2) given by homomorphisms onto Z2, p : J "(2) — > Z2. These are finite in 
number and unrelated to Johnson's homomorphism. However, Johnson showed in 
|J6| that the Johnson homomorphism t 2 and the totality of these Birman- Craggs 
homomorphisms, together, completely determine the abelianization of the Torelli 
group J(2) for g > 3. The abelianization of J(k) is not known for k > 2. 

In this paper we give new representations in terms of the 3-dimensional bor- 
dism groups Qs(F/Fk) an d fl^ pm (F / Fj~) . The former is a faithful representation 
of the abelian quotient J(k)/ J (2k — 1), and the latter is a homomorphism which 
combines the Johnson and Birman-Craggs homomorphisms into a single homomor- 
phism. See Sections and El for specific details. 



2. The Johnson Homomorphism 

2.1. Johnson's Original Definition of r k . In this section we give a description 
of Johnson's homomorphisms. Let £ 5i i be a compact, oriented surface of genus 
g with one boundary component and with fundamental group F. Let {F k } k>1 
be the lower central series of F. Let the generalized Johnson subgroup J7(k) be 
the subgroup of the mapping class group consisting of those homeomorphisms that 
induce the identity on F/F k . 

Consider any / G J(k). Choose a representative 7 E 7ri(E Si i) = F for any 
given element [7] £ Hi = ifi(S S) i;Z) = F/F 2 , and consider the element /*(7)7 _1 
which belongs to F k since / G J{k) implies /* acts trivially on F/F k . Then let 
[/*(7)7 _1 ] £ Fk/Fk+i denote the equivalence class of /*(7)7" 1 under the projec- 
tion Fk — > Fk/Fk+i- Then we define the Johnson homomorphisms 

r k :i 7(fc)^Hom [Hi, Fl 



F kA 

by letting T k (f) be the homomorphism [7] — > [/*(7)7" 1 ]- The skew-symmetric 
intersection pairing on Hi defines a canonical isomorphism Hi = Hom(_ffi,Z), and 
this induces an isomorphism 

Horn [Hi, ) = Hom(ifi,Z) ® = Hi " Fk 



Fk+i J Fk+i Fk+i 
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Thus we could also write 

T k : J(k)^H 1 ®^. 

This is Johnson's original definition |j3j, but there are several equivalent defini- 
tions of his homomorphism. Also in |J3], one can see a definition in terms of the 
intersection ring of the mapping torus of /. There is a definition of T k in terms of 
the Magnus representation of the mapping class group L Si i that may be found in 
E3 or |Mo| 

The final definition we mention in this paper will be given in Section 12.31 It 
was stated by Johnson and verified by T. Kitano |Ki) . This definition gives a 
computable description of Tf. in terms of Massey products of mapping tori. 

We complete this section with a few well-known facts about the Johnson homo- 
morphisms r k and the subgroups J(k). It was shown by Morita in |Mo| that 

[J(k),J(l)]cJ(k + l-l). 

In particular, the commutator subgroup [J~(k), J(k)] is a subgroup of J '(2k — 1) 
for k > 2. As mentioned before, kerr^ = J(k + 1). Then the image of T k is 
isomorphic to the abelian quotient J(k)/ J (k + 1). Thus the information provided 
by the k — 1 homomorphisms r k , T2 k -2 can be combined to determine the abelian 
quotient J(k)/ J (2k — 1) . Unfortunately this only at most detects the free-abelian 
part of the abelianization J(k)/ [J(k), J(k)\ = H\(J(k)). For example, the image 
of r 2 is given by J(2)/J(3) = T gA /]C g ,i, and J(2)/ J(3)(g>Q = Hi(T g x,Q), whereas 
the abelianization of the Torelli group Hi(T g> i) has 2-torsion. We will discuss this 
2-torsion in more detail in Section [3J 

2.2. Massey Products. Let (X, A) be a pair of topological spaces, and unless 
otherwise stated we assume that the coefficients for homology and cohomology 
groups are always the integers Z. In this section we will give the definition of the 
Massey product 

H 1 (X, A) <g> ■ • • <g> H 1 (X, A) -> H 2 (X, A) 

since these are the only dimensions that we are interested in using, and we will give 
a few useful properties of which we wish to take advantage. The general definition 
is completely analogous except for various sign conventions, and we refer the reader 
to D. Kraines |Krj . For a more complete description of this specific definition we 
are giving and for some useful examples, we refer you to R. Fenn's book |Fe|. 

Massey products may be viewed as higher order analogues of cup products and 
are defined when certain cup products vanish. Let ui, ...,u n £ H 1 (X,A) be coho- 
mology classes with cocycle representatives ax,...,a n £ C 1 (A, A), respectively. A 
defining set for the Massey product (u\, u n ) is a collection of cochains a = (aij), 
1 < i < j < n an d (i, j) ^ (1, n), satisfying 

(1) a iti = en for any i € {1, ...,n.}, 

(2) ai>j e C l (X,A), 

(3) Saij = X)r=i °v r u a r+i,j- 

For such a defining set a consider the cocycle u(a) £ C 2 (X, A) given by 

n-l 

u(a) = 2J a\,r U a r+ i iTl . 
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The Massey product (u±, u n ) is defined if a defining set a exists, and it is defined 
to be the subset of H 2 (X, A) consisting of the values u(a) of all such defining sets 
a. 

The length 1 Massey product (ui) is simply defined to be iii, and its defining 
set is any cocycle representative of u%. The length 2 Massey product {u\,u 2 ) is 
the cup product u\ U 112- The triple Massey product (u\, 1*2,1*3) is defined only 
when (ui, u 2 ) and (u 2 , 113) are zero. As you may notice from the definition, Massey 
products of length 3 or greater may not be uniquely defined but in fact may be a 
set of elements. However, if a sufficient number of smaller Massey products vanish, 
then (ui, ...,u n ) is uniquely defined. We have the following useful properties. 

Ij2.2l l) Uniqueness. For n > 3, the Massey product (ui, u n ) is uniquely defined 
if all Massey products of length less than n are defined and vanish. (This hypothesis 
is stronger than necessary for uniqueness, but it is sufficient for our purposes.) 

H2.2I 2) Naturality. Let (Y, B) be a pair of topological spaces, and consider a map 
of pairs / : (Y, B) — > (X, A). If (m, ...,u n ) is defined then so is (/*(iii), f*(u n )), 
and /* (ui, •■■> u n) C (/*(iii), /*(u n )). Furthermore, if /* is an isomorphism, 
then equality holds. 

2.3. Massey Product Description of Tfc. We are now prepared to describe John- 
son's homomorphisms Tk using Massey products of mapping tori. For a more com- 
plete description, see the work of Kitano |Ki| . As before, £ Sj i is an oriented surface 
of genus g with one boundary component <9£ 9 ,i. Consider any homeomorphism 
/ G J{k), and let Tf t i denote the mapping torus of /. That is, T/ ( i is £ Si i x [0, 1] 
with x x {0} glued to f(x) x {1}. Note that the boundary 9T/ 1 is the torus 
<9£ ff] i x S 1 . With the natural orientation on [0, 1], we have a local orientation on 
Tf t i given by the product orientation. Moreover, since / £ >J{k) acts trivially on 
Hi = Hi(Eg t i) as long as k > 2, the mapping torus Tf t i is an oriented homology 
S g .i x S 1 , but the Massey product structure may be different than that of S 9i i x S 1 . 

First, fix a basis {ai, ...,a2 g } for the free group F = 7Ti(S 9! i). Then if 7 repre- 
sents a generator of 7i"i(S' 1 ), we get the following presentation of 7Ti(T/ j i): 

= ("1, -jQ!2 ff ,7 I [«1>7] f^OtljO-i 1 , [a2g,7] f*(a2g)d2g) ■ 

By denoting the homology classes of and 7 by Xi and y, respectively, we obtain 
a basis for Hi(Tf t i): 

{xi, ...,x 2g ,y} G Hi(T fA ). 
Then since H x {T f , x ) ^ Hom(£/i(T /4 ), Z), we have a dual basis for H 1 (Tf y i): 

{xl,...,x; g ,y*} eH\T fA ). 

Let j : (T/1,0) — * (Tf t i,dTf A ) be the inclusion map. The long exact sequence of 
a pair shows j* : Hx(Tf t \) — > Hi(Tf y i,dTf tl ) has kernel generated by y. So we have 
a basis for Hi(Tf A ,dTf A ): 

...,j*(x 2g )} G H 1 (T f s,dT fyl ). 
And this gives a corresponding basis for H^iTf^") = 7? 1 (T/ i i, dTf^): 

{X 1 ,...,X 2g }eH 2 (T L1 ). 
Let e : Z [F] — > Z be the augmentation map and let 

A : Z [F] -» Z [F] , 1 < z < 2.g 
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be the Fox's free derivatives. Here Z [F] is the integral group ring of the free group 
F. Finally, let X denote the ring of formal power series in the noncommutative 
variables tx,...,t2 g , and let Xfc denote the submodule of X corresponding to the 
degree k part. One can show Fk/Fu+i is a submodule of Xfe, where the inclusion 
map is induced by 

Then we have the following theorem. 

Theorem 2.1 (Kitano). There is a homomorphism Tfe : J{k) — > Hom(i?i,Xfc) 
defined by letting Tfc(/) be the homomorphism 

Xi i > E i( x ji' ■■■' x j k ) >Xi)tj 1 ...tj k 

where ( , ) is the dual pairing of H 2 (Tf_\) and H^(Tf t i). Moreover, this homo- 
morphism is the same as the Johnson homomorphism. 

The canonical restriction H*(Tf t ±,dTf t i) — > H*(Tf^) leads to the following the- 
orem that gives a relation between the algebraic structure of the mapping class 
group r 5) i and the topological structure of the mapping torus Tf t \. 

Theorem 2.2 (Kitano). For any f G r g i, f G J (k + 1) if and only if all Massey 
products of length m of 

H\T L1 ,dT L1 ) ® • • • ® H\T L1 ,dT L1 ) - H 2 (T fA ,dT ftl ) ^ i/ 2 ^,!) 

vanish for any m with 1 < m < k. 

2.4. Morita's Refinement of Tfe. In this section we point out the work of Morita 
in |Mo| . where Johnson's homomorphism Tfe was refined so as to narrow the range 
of Tfe to a submodule Dk{Hi) of Hi <E> Ffe/Ffe +1 . This enhancement is obtained via 
a homomorphism 

f fe : J(k) - # 3 

defined below. Recall that the homology of a group G is Hi(G) = Hi(K(G, 1),Z), 
where if (G, 1) is an Eilenberg-MacLane space. (We determine the kernel of Morita's 
refinement in Corollary 15 . 191 below. ) 

Let C G 7i"i(S g .i) = F represent the homotopy class of a simple closed curve on 
S Si i parallel to the boundary 3E 9j i. Now we choose a 2-chain cr £ C2(F) such 
that 9cr = — f. Since any / £ r ffi i is required by definition to fix the boundary, 
we have d(a — /#(c)) = — ( — (—() = 0. Thus a — /#(cr) is a 2-cycle. Because 
H<z(F) is trivial, there is a 3-chain c/ G C%{F) such that 9c/ = cr — /#(<x). Note 
that, essentially, this is just a mapping cylinder construction. Let c/ denote the 
image of c/ in C^{F/Fk). If / G J"(fc) then /# acts as the identity on F/Fu- Thus 
we have 9c/ = cr — /#(c) = — /#(ct) = 0, and c/ is a 3-cycle. Finally define 
[c/] G H 3 (F/Fk) to be the corresponding homology class, and we define Morita's 
homomorphism ffe : J{k) — ► H^{F/Fk) to be ffc(/) = [c/]. It is shown in |Mo| that 
the homology class [c/] does not depend on the choices that were made, and we 
refer you there for the details. 
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Now consider the extension 

Fk F F i 

and let {E^ q } be the Hochschild-Serre spectral sequence for the homology of this 
sequence. In particular, we have 

E l,q = H P ( — i H Q 

Then we have the differential 



Fk 1 "U 



t+i 



s FkJ \Fk \Fk+i J J Fk+i 

Finally, the refinement of Johnson's homomorphism is given by the following theo- 
rem. 

Theorem 2.3 (Morita). The composition d 2 o fk coincides with Johnson's homo- 
morphism Tk so that the following diagram commutes. 




Theorem 2.4 (Morita). Let Dk(Hi) be the submodule of Hi® Fk/ Fk+i defined to 
be the kernel of the natural surjection 

Fl Fi*a-\ 

given by the Lie bracket map (w,£) i— > [u>,£]. Then the image of the Johnson 
homomorphism Tk : <J(k) — * H\ (g) Fk/Fk+i is contained in Dk(Hi) so that we can 
write T k : J(k) -> D k (Hi). 

A short remark about this theorem is perhaps in order. It is known that the 
image of r 2 is exactly equal to D<i (Hi) , and the image of r 3 is a submodule of D 3 (Hi) 
of index a power of 2. Thus ImT3 and Dz(Hi) have the same rank. However, for 
k > 4, k even, the rank of Imr^ is smaller than the rank of Dk(H\). Please see 
lol for more details. 

3. Birman-Craggs Homomorphism 

As mentioned at the end of Section [2. li the Johnson homomorphism r 2 only de- 
tects the free abelian part of the abelianization of the Torelli group J(2), and some 
2-torsion remains undetected. In this section we will say a word about this 2-torsion. 
In |BC| Birman and Craggs defined a (finite) collection of abelian quotients of J(2) 
given by homomorphisms onto Z 2 . Here we will give a description of these homo- 
morphisms that is due to Johnson |J1| . This somewhat more tractable description 
is different than (yet equivalent to) Birman and Craggs' original definition, and it 
enabled Johnson to give the number of distinct Birman-Craggs homomorphisms. 
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Consider the surface and let / G J7"(2). The definition of r S) i requires that 
/ be the identity on <9E s .i. Thus / can easily be extended to a homeomorphism of 
the closed surface E g . Let h : E g — > S 3 be a Heegaard embedding of E ff into the 
3-sphere S 3 , i.e. E ff bounds handlebodies on both sides in S 3 . Now cut S* 3 open 
along h(T, g ) and reglue the two pieces using / G .7(2). The resulting manifold ^ 
is a homology S 3 , and its Rochlin invariant fJt(S^ *) £ Z 2 is defined. 

In general, any closed, connected 3-manifold M , together with a fixed trivializa- 
tion of its tangent bundle over the 2-skeleton, is the boundary of a 4-manifold W 
whose tangent bundle can be trivialized in a compatible fashion. If s denotes the 
choice of stable trivialization of the tangent bundle of M over the 2-skeleton, then 
the Rochlin invariant p{M, s) G Zi6 is defined to be the signature a(W) reduced 
modulo 16. If M happens to be a homology S 3 then s is unique and a(W) is divis- 
ible by 8. Thus fi(Sflj) = p(Sf L j, s) — cr(W) can be considered an element of Z 2 . 
For a fixed Heegaard embedding h : £ g — > S 3 , the Birman-Craggs homomorphism 
p h : J (2) -» Z 2 is defined by p h (f) = p(S 3 hJ ). 

By relating the Birman-Craggs homomorphisms to a Z2-quadratic form, Johnson 
was able to show the dependence of pu on the embedding h : E s — > S 3 . The Z 2 - 
quadratic form q : Hi(E s ;Z2) — * Z 2 is defined as follows. Let ( , } be the Seifert 
linking form on Hi(T, g ; Z 2 ) induced by h : E ff — > S 3 defined by letting (x, y) be the 
linking number (modulo 2) of h(x) and h(y) + in S 3 , where h(y) + is the positive 
push-off of h(y) in the normal direction determined by the orientations of h(Y> g ) and 
S 3 . Define q{x) — (x, x) , then it is a Z 2 -quadratic form on H\ (S s ; Z 2 ) induced by the 
embedding h. Because it is a quadratic form, q satisfies q(x + y) = q(x) + q(y) + x-y, 
where x ■ y is the intersection pairing of f/i(£ g ; Z 2 ). Let {xj, y{\ , 1 < i < g, denote 
the standard basis for iii(£ g ;Z 2 ), and the Arf invariant of S g with respect to q is 
defined to be 

9 

Arf g) =Y J l( x i)l(yi) ( mo d 2). 

i=i 

Johnson's main results from [JJ are as follows. Suppose hi, hi : E g — * S 3 are 
both Heegaard embeddings of the surface E g . 

Theorem 3.1 (Johnson). The embeddings h\ and /i 2 induce the same mod 2 self- 
linking form if and only if the Birman-Craggs homomorphisms ph 1 and ph 2 are 
equal. 

Therefore the homomorphism ph : Sf{2) — » Z 2 only depends on the quadratic 
form q induced by h, and we replace the notation ph with p q to emphasize this fact. 
Moreover, the Z 2 -quadratic forms q which are induced by a Heegaard embedding h 
are exactly those that satisfy Arf(E g , q) = 0. Thus we are able to enumerate {p q } ■ 

Corollary 3.2 (Johnson). There are precisely 2 ff_1 (2 9 + 1) distinct Birman-Craggs 
homomorphisms p q : J '(2) — > Z 2 . 

Johnson also provided a means of computing p q in terms of the Arf invariant. 
(1) If / G i/(2) is a Dehn twist about a bounding simple closed curve C, then 

p g (/)=Arf(£' I<Z | s ,), 
where E' is a subsurface of E g bounded by C. 
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(2) If / 6 v7(2) is a composition of Dchn twists about cobounding curves C\ 
and C2, then 



p,Cf) 



if qf(Ci) = g(C 2 ) = 1 

Arf(S',g| s if = g(C 2 ) = 



where E' is a subsurface of E s cobounded by C\ and C2 . 

For genus g = 2 surfaces, the Torelli group 7(2) is generated by the collection 
of all Dehn twists about bounding simple closed curves. For genus g > 3, J{2) is 
generated by the collection of all Dehn twists about genus 1 cobounding pairs of 
simple closed curves, i.e. pairs of non-bounding, disjoint, homologous simple closed 
curves that together bound a genus 1 subsurface. Thus the list above is sufficient 
for computing p q (f) for any / 6 7(2). 

4. Abelianization of the Torelli Group 
We are now prepared to say something about the abelianization 

of the Torelli group J{2). In fact, the main result of Johnson in |j6j is that the 
Johnson homomorphism r 2 : J r (2) — > Z?2(-ffi) and the totality of the Birman-Craggs 
homomorphisms p q : J{2) — > Z2 completely determine ifi(7(2);Z) 
On the one hand, we have the composition 

m M m = , n (H x 

U(2),J(2)} J(3) 2[ l> 

where the first map is the projection given by the fact that [J (2), J (2)] C J{"&) 
and the second map is given by r 2 . After we tensor with the rationals Q, Johnson 
shows that we obtain an isomorphism 

[.7(2), J{2)\ v 7(3) V 1 U V 

Thus we have H^J (2);Q) Si J(2)/J(3)®Q. 

On the other hand, consider the totality of the Birman-Craggs homomorphisms 
{p q }, and let 

C = P| ker p q 

Q 

be the common kernel of all p q for all q which satisfy Arf(E s , q) — 0. Also let J{2) 2 
represent the subgroup generated by all squares in 7(2), and let O q be the subgroup 
of the mapping class group r S) i which acts trivially on i?i(E 5i i;Z 2 ). That is, O q 
consists of those homeomorphisms which preserve the quadratic form q. Then, by 
using the theory of Boolean quadratic and cubic forms, Johnson showed that 

C = 7(2) 2 = [O q ,J{2)\. 

Finally he showed that the commutator subgroup of 7(2) is given by 

[7(2), 7(2)] =Cnkerr 2 =Cnj(3). 

Thus we can completely determine H X {J{2)\Z) ^ 7(2)/ [7(2), 7(2)] from the 
homomorphisms {T2, p q } . 
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5. A Bordism Representation of the Mapping Class Group 

5.1. The Bordism Group D,3(X,A). Let (A, A) be a pair of topological spaces 
A C- X. The 3- dimension oriented relative bordism group ^(A, A) is defined to be 
the set of bordism classes of triples (M, dM, <j)) consisting of a compact, oriented 3- 
manifold M with boundary dM and a continuous map <j> : (M, dM) — > (X, A) . The 
triples (Mo,dMo,(f>o) and (Mi,dMi,<j>i) are equivalent, or bordant over (X, A), if 
there exists a triple (W, dW, $) consisting of a compact, oriented 4-manifold W with 
boundary dW = (M II -Mi) U aM M and a continuous map $ : (W, dW) -> (X, A) 
satisfying = ^ and $(M) C A. We also require that dM = dM II -dM 1 so 
that is a closed 3-manifold. 




Figure 5.1. A relative bordism over (X, A) 

A triple (M, dM, (j>) is said to be null-bordant (or trivial) over (A, A) if it bounds 
(W, dW, $) , that is, if it is bordant to the empty set 0. The set ^3 (A, A) forms 
a group with the operation of disjoint union and identity element 0. In the case 
that A = 0, we may write VL%(X) = ^(A, 0) and restrict our definition to pairs 
(M,(f>) = (M,0,cf>) of closed, oriented 3-manifolds. 

5.2. A Bordism Invariant of J(k). The purpose of this section is to analyze 
J(k) from the point of view of bordism theory. Let F = 7Ti(E fll i) as before, and 
consider the pair (K(F/Fk, 1), (), where K(F/Fk, 1) is an Eilenberg-MacLane space 
and ( C K(F/Fk 1 1) is an S 1 corresponding to the image of <9E g! i under a contin- 
uous map — > K(F/Fk,l) induced by the canonical projection F -» F/F^. 
We denote the bordism group over (K(F/Fk, 1),C) by &3(F/Fk,0- Moreover, we 
have an isomorphism : Qs(F/Fk) — > CI3 (F/Fk , Q induced by the inclusion map 
j : (K(F/Fk, 1), 0) -> (K(F/F k , 1), C) ■ We will make use of both of these groups 
in what follows, but our main focus will be on the group ^^(F/ Fk). 

Below, in Theorem 15.21 we define a homomorphism Cfe : J{k) — > SI3 (F/Fk) 
whose kernel is kercr/j = J7" (2fe — 1) . Thus the image of is J(k)/ J (2k — 1) . We 
already saw that the image of the Johnson homomorphism is J(k)j J (k + 1) . 
However, since we know [J(k),J(k)} C J' (2fc — 1) C J(fc + 1), the image of this 
new homomorphism Ofc is, in general, much closer to the abelianization of J(k). 

Consider a surface homeomorphism / 6 J(k) for some k > 2. As before let 
Tj t i be the mapping torus of /, i.e. S 9j i x [0, 1] with x x {0} glued to f(x) x {1}. 
The boundary dTf^ of Tf t i is the torus x S 1 , and the mapping torus Tf t \ is 
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an (oriented) homology x S . Fixing a basis {ai, ct2 g } for the free group 
F = 7Ti(S 9l i) gives a presentation of iri(Tf t i): 

= (ai, ...,a. 2 g,l | [0:1,7] /*("i)ar 1 ) ["23,7] f*( a 2g) a 2g) 

where 7 represents a generator of 7Ti (S* 1 ) . We now wish to obtain a closed 3-manifold 
from Tf \ by filling in its boundary. Let Tj — Tj 1 be the result of performing a 
Dehn filling along a curve on dTf \ represented by the homotopy class 7. That 
is, Tj is obtained by filling in the torus 0T/,i — 9£ s 1 x S 1 with the solid torus 
dT,g y i x D 2 . Then we also have a presentation for iri(Tj): 

tti(TJ) = (a 1 ,...,a 2g I /*(a 1 )a^ 1 ,...,/,(a 2s )Q;^ 1 ) 

Note that if / is isotopic to the identity, then is homeomorphic to the connected 
sum of 2g (S 1 x S 2 )'s. 

Now for all m < k we can define 4>f, m ■ (T/,i, dTf t i) — > (K(F/F m , to be a 
continuous map induced by the canonical epimorphism 

(7, M2/,i)) m ) F m 

where the isomorphism requires the fact that / G J(k) C J(jn) (see Lemma |5.1I 
below.) Also, since we kill the homotopy class 7 in our construction of Tj , the map 



0/,m extends to a continuous map : — > K{F/F m , 1), and ^ m induces the 
canonical epimorphism 



Moreover, we have the following lemma. 

Lemma 5.1. The following are equivalent: 

(a) / G J(m), 

(b) 7 — — — -§- and -, — ; — ,J ' — r = and 

( 7ri ( T /)) m Fm (7,(^(T/,i)) m ) F m' 

(c) i/ie continuous maps <ft m and <f>f jm exist as defined. 

Proof. This is an obvious fact, but we wish to emphasize it because of the important 
role it will play later. 

(a) (b). If / G J(m) then the relations [0^,7] /*(aj)a7/ 1 in 7ri(TVi) become 
trivial modulo (7, (7Ti(T/ i i)) m ) since /* acts as the identity on F/F m , and we 
clearly have a homomorphism (in fact, an isomorphism.) On the other hand, no 
such homomorphism exists if / ^ J(m) because the relations [0^,7] /*(o^)a!~ 1 = 
f^(ai)a~ 1 (mod 7) are certainly not trivial modulo (ni{Tf,i)) m . 

(b) (c). It is a well-known property of Eilenberg-MacLane spaces that 
continuous maps into them are in one-to-one correspondence with homomorphisms 
into their fundamental group. (See [WE] Theorem V.4.3.) Thus </>/, m (and similarly 
for <fif m ) is defined if and only if the homomorphism 

exists. □ 
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Let us now consider the pair g £l 3 (F/Fk). We introduce a new 

homomorphism giving a representation of J(k) which is very geometric in nature. 

Theorem 5.2. The map 



<J k : J(k) 



<>■. [ — 

F k 



defined by <Jk{f) — (^fi&Jkj * s a well-defined homomorphism. 

We point out that one can similarly define a homomorphism into the relative 
bordism group J{k) — > n 3 (F/Fk,() which sends a mapping class / E J{k) to 
(Tt i, dTf > i, (f>t fe). However, we will mainly focus on the homomorphism given in 
Theorem O 

Proof. Consider two homeomorphisms f,g£ for the oriented surface Ei with 

one boundary component. If / and g are isotopic, i.e. they represent the same 
mapping class, then of course and TJ are homeomorphic and (tJ,^^ an< ^ 

(t^ j&Jhj are bordant. Thus <7fc is certainly well-defined. 

To show er/j is indeed a homomorphism we need to show that M/\0/fc) H 



l k ) is bordant to (T] og ,^ fogtk 



(r] og , 0} O g !fc ) in fl 3 (F/F k ) for any mapping classes /, g G 



J7(fc). To do so, we simply construct a bordism, i.e. we build a 4-manifold W and 
continuous map : W — > K(F/Fu, 1) with boundary given by 



We begin by first constructing a 4-manifold between the mapping tori Tf t \ IIT 9! i 
and Tf 0g ,i- Recall that 

Ei x [0,1] 
fA (x,0)~ (/(*), 1)' 
We may also consider Tf 0g ,i in pieces as depicted in Figure IS~2l 



V [o,i 





/°9,1 



Figure 5.2. Tf ag ,\ considered in pieces 

That is, 

Six [0,1] (Ei x [0,|])u(Si x [1,1]) 

^ (i,0) ~ (/ 0,(3;)), 1) M)~ (/(*),!),(*,§) ~(<?(a0,£) 

We can assume there is a product neig hborhood of Ei x {i} in T fA , i.e. a 
cylinder (Ei x {|}) x [-£, e] . Let V = (T /4 II T gA ) x [0, 1] . Then V has boundary 

dV = (Tf t i II T 9t i) x {OjU-^iHTj,!) x {1}U (dT fA RdT gA ) x [0,1]. 
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Now consider the piece (T/,i II T 9t i) x {1} of dV and attach a 4-dimensional "strip" 
Si x [-£,£] x [-<5,(5] to (T/,iIir fl) i) x {1} by gluing Si x [s,s] x {-5} to the 
neighborhood (Sj x {^}) x [— e,e] in Ty.i and gluing S x x [— e,e] x {(5} to the 
neighborhood (Si x {5}) x [—£,£] in T St \. Let V be the result of this gluing, then 

dV = ((T fA II T g>1 ) x {0}) U (- (T /ofl)1 ) x {1}) U ((OT/,! U 9T 9)1 ) x [0, 1]) 
U(5Si x [-e,e] x [-<5,(5]). 




Figure 5.3. The 4-manifold V 

We now fill in the boundary component (<9T/,i II <9T g .i) x [0, 1] with 
(*) ((<9Si x D 2 ) II (<9Si x D 2 )) x [0, 1] 

to obtain a new 4-manifold W . At one end, this has the effect of filling in the bound- 
ary of (T f<1 II T ffi i) x {0} , thus creating (t] II rfj x {0} . At the other end, we had 

already filled in some of the boundary of Ty g,i x {1} with (<9Si x [— e, e] x [—6, 5]) 
above, and the filling by (@) has the effect of filling in the rest of the boundary of 
Tf Qgl x {1} . Thus we have actually created Tj a x {1} . Therefore we have created 

a 4-manifold W with boundary dW = (t] UT'J^j II -TJ og . Also, the continuous 

map cj)f t k U4> g ,k clearly extends over V — (T/,i II T g ^) x [0, 1]. It is also easy to see 
that it extends over V as well since Si x [— e, e] x [—8, 5} deformation retracts to Si. 
Finally it extends to a continuous map <I> : W — > K(F/Fk, 1) in a similar way that 

<f> f , k extends to f^ k . Therefore (t] , f^ k ) II (tJ, f g k ) is bordant to (r] og , f< og k ) 

in £ls(F / Fk) , and we have completed the proof of Theorem 15. 21 □ 

Notice that if a surface homeomorphism / is isotopic to the identity then its 
mapping class is in J(k) for all k, and (Tf,i,dTf Al 4> ftk ) = {T id .i,dT ld ,i,4>id,k) and 

( T 7>/,fc) = ( T id>4>2l,k) are null-bordant in Q 3 (F/F kl () and Q 3 (F/F k ), respec- 
tively, since they each bound S g .i x D 2 and the respective maps clearly extend. 
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(The definition of relative bordism requires an "extra" boundary piece so that the 
boundary of the 4-manifold is a closed 3-manifold. In the case of (Tid.i, 9Iid,i), the 
extra piece is simply the solid torus <9£ g .i x D 2 used to construct T^.) 

It seems logical to ask when (Tf t i, 9T/,i, (t>f,k) € £la(F/F k ,Q and (r^fij^j 6 
£ls(F/Fk) are null-bordant for more general / £ J{k). That is, what is the kernel 
of crfc? This is answered by the following theorem. 

Theorem 5.3. {T ftl ,dT ftl ,</> ftk ) £ Q 3 (F/F k ,() and (tJT,^) £ fl 3 (F/F k ) are 
trivial if and only if f G J (2k — 1) . 

Corollary 5.4. The kernel of the homomorphism o~ k is J (2k — 1) . □ 

We also have the following generalization of Theorem 15 . 31 which is a corollary to 
the proof of Theorem 15.21 

Corollary 5.5. Consider f,g E J(k). Then the following are equivalent: 

(a) fog' 1 £j(2k-\), 

(b) (r/,0} fc ) isbordantto (l?,^*) inSl 3 (F/F k ), 

(c) (T fil ,dT fi i,(f)f ik ) is bordant to (T g>1 , dT g<1 , (j) gik ) in Q 3 (F/F k ,Q- 

Proof. Suppose we have (tJ^jA — (t^,^^ in fl 3 (F/F k ). This is equivalent 

to having (T],f f!k ) II (Tl^^J = (TJ,^) II (rl^^J . However, we 

showed in the proof of Theorem 15 . 21 that this is equivalent to ^Tj og _x, 0} og -i k J = 

(Tgog-i^lag-^k) in ^(F/F k ). The latter is just (l^, , which is nullbor- 

dant. Thus Theorem 15 . 31 savs that this is equivalent to / o g^ 1 £ J (2k — 1) . The 
equivalence of (c) is proved similarly. □ 

Proof of Theorem \5.<A We prove the theorem for the pair \ T^, (j>J £ Q 3 (F/F k ), 

and the proof for the triple (Tf } i,dTf t i,(f>f tk ) £ fl. 3 (F/F k ,£) is completely analo- 
gous. Suppose / £ J(m), then for I < m let n mt i : K(F/F m , 1) K(F/F U 1) be 
the projection map such that (jSj ; = n m i ° (fj m - 

(<=)■ Let us first suppose that / £ J (2k — 1) . Then the pair \Tj , <fj 2 fc-iJ i s 
defined and is an element of fl 3 (F / 'i^fc-i) ■ The following lemma is due to K. Igusa 
and K. Orr (HOI, Theorem 6.7.) 

Lemma 5.6 (Igusa-Orr). Let ('Km.k)^ be the induced map on H 3 and consider 
x £ H 3 (F/F m ). Then x £ ker (n m ,k)* if and only if x £ Image (7r2fc-i, m )» for 
k < m < 2k — 1. In particular, the homomorphism {iT2k-i,k) * : H 3 (F/F2 k -\) — » 
H3 (F/F k ) is trivial. 

We have the following corollary. 

Corollary 5.7. The homomorphism 

fa*-x,»). : ^3 (^) - ^3 

is trivial. Moreover, a bordism class is in ker (7r m ik ) if and only if it lies in the 
image of (^2k~i.m)^ for k < m < 2k — 1. 
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Proof. In general, Q n (X, A) is the n-dimensional bordism group, and it is an 
extraordinary homology theory. Using the Atiyah-Hirzebruch spectral sequence, 
(see G. Whitehead |Whj for details,) one can express £l n (X, A) in terms of ordi- 
nary homology with coefficient group f2 q , where Q q = £l q (-) is the bordism group 
of a single point. In particular, E^ = H p (X, A; fig) and the boundary oper- 
ator is dp q : Ep q — > £p_ 2 ,g+i> an< i ^n(X,A) is built using H p (X, A;£l q ) with 
p + q = n. Now 57 — Z and fi^, f2 2 , and £l 3 are all trivial. So in the case 
n = 3 we have f2 3 (X, A) = H 3 (X, A; f2 ) = H^{X, A). In fact, the isomorphism 
is given by (M, dM, tp) 1 — ► 0»([M, 9M]) where [M, 9M] denotes the fundamental 
class in H 3 (M, dM). Of course it follows directly that Q 3 (F/F k ) = H 3 (F/F k ) (and 
£l 3 (F/F k , C) — H 3 (F/Fk, C)i) an( i we have the following commutative diagram: 



n3 C_p_\ (*»-.,-), n> cm o 3 c^ 

Since the map (7T2A:— i,k)* on is the zero-homomorphism, the conclusion of the 
first part of the corollary is proved. The proof of the latter part is also immediate. 

□ 

The image of (r],<jP f 2k _^j under (% 2 k-i,k), ■ tt 3 (F/F 2k -i) -» M 3 (F/F k ) is 

(7r 2 fc-i,fc), (T],4>},2k-i) = (rjwk-itoffpk-i) = ( T />^/,fc) . 

and Corollary |^7| tells us that this image is trivial in Q 3 (F/Fk). Thus the condition 
f E J (2k — 1) is certainly sufficient. 

( => ). The proof of the necessity of / 6 J (2k — 1) is much more subtle. If 
we assume that [Tj^J^j is trivial in Q 3 (F/Fk), then Corollary 15 . 71 tells us that 

there is a pair (M,ip) G ^(F/i^fc-i) that gets sent to (^J^Jk)' but we ^° no ^ 
know anything more than that. We want to show that tpj 2k -\ is defined, and by 
Lemma f5. II we may achieve the desired conclusion / £ J (2k — 1). 

Lemma 5.8 (Cochran-Gerges-Orr). Let M be any oriented manifold such that 
tt\(M) — G, and suppose F is a free group. Then for k > 1, G/G k = F/F k if 
and only if H\(M) is torsion-free and all Massey products for H (M) of length less 
than k vanish. Under the latter conditions, any isomorphism G/G k -\ = F/F k -\ 
extends to G/G k = F/F k . 

Proof. If G/G k = F/Fk for k > 1, there is a continuous map cf> : M — > K(F/F k , 1) 
that induces an isomorphism 0* : H 1 (F/F k ) — > H 1 (M) and H\(M) is clearly 
torsion-free. In |Orj (Lemma 16) it is shown that Massey products for H 1 (F/F k ) 
of length less than k vanish and length k Massey products generate H 2 (F/F k ). 
Consider x.- L £ H 1 (F/F k ), then (xi,...,x n ) = for all n < k. Also, the nat- 
urality of Massey products (see property 12. 21 2)1 tells us that <j)* (x\,...,x n ) C 
(4>*x\, 4>*x n ) . Thus for n < k we certainly have € (<f>*xi, 4>*x n ) . How- 
ever, the uniqueness of Massey products given in property H'2.21 11 tells us that 
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the first nonzero Massey product is uniquely defined, and we conclude that = 
(<p*xi, 4>*x n ) for n < k. Therefore, since (f>* is an isomorphism, all Massey prod- 
ucts for i? 1 (M) of length less than k are zero. 

On the other hand, if Hx(M) is torsion-free and all Massey products for H 1 (M) 
of length less than k vanish then we easily see that H\{M) = GjGi = F/F2. 
Now assume by induction that G/Gk-i — F/F^-x, and let ip : F — > G be a 
homomorphism that induces this isomorphism. We will extend this isomorphism 
to G/Gk — F/Fk. It is sufBcient to show that Gk-x/Gk = Fk-x/Fk- We have the 
following commutative diagram 



in which the horizontal maps are exact sequences. The fact that the sequences are 
exact is a result of J. Stallings [St]. This diagram shows us that it is sufficient to 
show that 7r* : i?2(G) — » i?2(G/Gfc-i) is trivial. However, since H%{M) -» H<z{G) 
is onto, we need only show that 7r* : H2(M) — > H2(G/Gk-x) is trivial. As men- 
tioned above, length k — 1 Massey products (xx, ...,Xk-x) generate H 2 (G/Gk-x) — 
H 2 (F/ 'Fk-x)- Then 7r* (xi, x fe _i) = (7r*xi, ir*Xk-x) = since length k- 1 
Massey products vanish for M. Therefore 7r* and 7T* are trivial homomorphisms, 
and the conclusion follows. □ 

A slightly more general version of the following lemma is proved in |CGOj (The- 
orem 4.2), and we include a proof here for your convenience. 

Lemma 5.9 (Cochran-Gerges-Orr). Suppose Mo and M\ are closed, oriented 3- 
manifolds with 7Ti(Mq) = Go and ttx(Mx) — G\. Further suppose that there is 
an epimorphism ip : G\ — > Go/(Go)k> and then let <po '■ Mq — > K(Go/(Go)k, 1) 
and (j>x '■ Mx — * K (Go/(Go)k, 1) &e continuous maps so that (</>i)„ = ip and 
(Mo,(f>o) — (Mx,4>x) in fl3(Go/(Go)k)- Then (Mo,4>o) and (Mx,(j>x) are bordant 
over K(Go/(Go)k, 1) via a 4-manifold with only 2-handles (rel M$) whose attach- 
ing circles lie in (Go)fc. 

Proof. Since (Mq,<Pq) and (Mx,<j>x) are bordant, we know there exists a compact, 
oriented 4-manifold W and a continuous map $ : W — * K(Go/(Go)k, 1) such that 
d(W, $) = (Mo, 0o)II(— Mx,(px) ■ is already a surjection on 7Pl, and we can make 
it an injection by performing surgery on loops in W. Thus we may assume <£>* is an 
isomorphism. Now wc choose a handlebody structure for W relative to Mq with 
no 0-handles or 4-handles. We then get rid of the 1-handles by trading them for 
2-handles, i.e. we perform a surgery along a loop c passing over the 1-handles in the 
interior of W. In a similar manner, we can get rid of the 3-handles by thinking of 
them as 1-handles relative to Mi . Let V be the result of this handle swapping. We 
want to make sure $ extends to V , so because is an isomorphism it is necessary 
to make sure c was null-homotopic in W since it is null-homotopic in V. However, 
since (</>o)» is surjective and c is in the interior of W, we can alter c by a loop in 
Mq so that the altered c is null-homotopic in W. Thus we may assume that the 
2-handles are attached along loops c in (Go)fe. □ 




ip* 




16 



AARON HEAP 



Lemma 5.10. Let Mi and Gi (i = 0, 1) be as in Lemma \,5.fA For some free group 
F suppose that <po : Mo — ► K(F/Fk, 1) and tf>x : Mi — > K(F/Fk, 1) are continuous 
maps such that 0o induces an isomorphism Go/(Go)fc = F/Fk and <f>\ extends 
to a continuous map 4>\ : Mi — > K{F / Fk+\, 1) inducing G\/{G\)k+i — F/Fk+x- If 
(Mo, </>o) is bordant to (Mi, <^>i) m VL^{F/ Fk), then </>o aZso extends so that it induces 
Go/(Go)k+i — F/Fk+x- 

Proof. Lemma 15.91 tells us there exists a bordism (W, <E>) between (Mo,</>o) an d 
(Mi, <^i) over K(F/Fk, 1) such that W contains only 2-handles with attaching cir- 
cles in Fk and wx(W) = F/Fk. Let ji : Mi — > W be inclusion maps so that 
$oj t =(f> h i = 0, 1. 




W A-(F/F fc ,l) 

Consider any collection {xi, € H 1 (M^) of cohomology classes. Then choose 
Vl e H 1 (F/F k ) so that 05(2/,) = a*. Since m(W) S F/F fe and G /(G ) fc S F/F k , 
Lemma l5~%l savs that Massey products of length less than k vanish. Thus each of 
the following Massey products are uniquely defined: 

( Xl , ...,x k ) = (<p*o(yi), .... <t>o(vk)) = f (**(yi), $*(!&)> • 

If we can actually show that these Massey products vanish then we can use Lemma 
15.81 to show that <fio also extends so as to induce Go/(Go)fc+i — F/Fk+x, thus 
completing the proof. We will show ($*(j/i), $*(j/k)) = 0. Since Gx/(Gx) k +x = 
F/Fk+i, Lemma [5.81 savs Massey products for if 1 (Mi) of length less than k + 1 
vanish. In particular, length k Massey products are zero, thus 

3t ($*(j/i), **(y fc )> = (^(t/i), #(ifc)> = 0. 

Now consider the following short exact sequence 

— » ff 2 (Mi) — » JT 2 (W) — > JT 2 (W, Mi) — ► 0. 

Since we can view as Mi x [0, 1] with 2-handles attached along circles in Fk, we see 
that H 2 (W, Mi) is a free abelian group generated by the cores of the 2-handles (rel 
Mi). Thus this sequence splits and we can write H 2 {W) = H 2 (M 1 ) © H 2 (W, Mi). 
Because the attaching circles of the 2-handles lie in Fk, the images of the generators 
of the latter summand are clearly spheres in K{F/Fk, 1). But since K{F/Fk, 1) has 
trivial higher homotopy groups, they must vanish in H 2 (F / Fk) . Then by considering 
the dual splitting H 2 (W) = H 2 (Mx) © H 2 (W, Mi) we know that the image of 
H 2 {F/Fk) must be contained in the summand if 2 (Mi) of H 2 (W). Therefore j* : 
H 2 (W) — > H 2 (Mi) must be injective on the image of H 2 (F/Fk), and we are able 
to conclude that {$*(yx), ...,$* (y k )} =0. □ 

Consider the following result of V. Turaev |Tuj . 

Lemma 5.11 (Turaev). Let G be a finitely generated nilpotent group of nilpotency 
class at most k > 1, and let a 6 //3(G). Then there exists a closed, connected, ori- 
ented 3-manifold M and a continuous map ip : M — > K(G, 1) such that ip*({M]) = a 
and such that ip induces an isomorphism tti(M) / (jri(M))k — G if and only if 
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(a) the homomorphism Torsion(_ff 2 (G)) — > Torsion(i?i(G)) defined by sending 
x to x n a is an isomorphism, and 

(b) for any h £ i?2(G), there exists y 6 H 1 (G) such that 

h - (y n a) e ker ( H 2 (G) -v # 2 ' ^ 



Corollary 5.12. for any bordism class a £ Q 3 (F/Fk) there exists a closed, con- 
nected, oriented 3-manifold M and a continuous map tp : M — > K(F/Fk,l) such 
that (M, ip) = a in Q 3 (F/Fk) and ip induces an isomorphism m(M)/(jri{M))k = 
F/F k . 

Proof. We simply use the fact proved earlier that fl 3 (F/Fk) — H 3 (F/Fk) and apply 
the lemma in the case that G = F/Fk ■ The group Fj Fk is nilpotent with nilpotency 
k — 1. The groups H 2 (F/Fk) and H\(F/Fk) are each torsion-free. Thus condition 
(a) of Lemma 15.111 is satisfied trivially. Using Stallings' exact sequence given in 
|St| . we have the following commutative diagram 

H 2 (F) = Q^H 2 -J?* ► 



Fk J Fk-j 

— map 

which shows us that the map H2(F/Fk) — ► H2(F / Fk-\) is the zero homomorphism. 
Thus condition (b) of Lemma f5. Ill is also satisfied trivially. □ 

Lemma 5.13. Let M be any closed, oriented 3-manifold with izx(M) — G, and 
suppose there is a continuous map fa '■ M — > K(F/Fk, 1) inducing an isomorphism 
G/Gk — F/Fk for some free group F. For to > k, (M,fa) is in the image of 
(7Tm,fc)* : &3(F/F m ) —> fl 3 (F/Fk) if and only if the isomorphism G/Gk — F/Fk 
can be extended to an isomorphism G/G m = F/F m induced by a continuous map 
m : M -> K(F/F m , 1) such that (7r m , fc ). (M, cj> m ) = (M, fa) . 

Proof. Suppose (M, fa) — {it m ,k)* (a), for some a € n 3 (F/F m ). By Corollary 15. 121 
there exists a closed, connected, oriented 3-manifold M' and a continuous map 
ip : M' — > K(F/F m ,l) that induces an isomorphism iri(M')/ (ni(M')) m = F/F m 
such that (M',ijj) = a in Q 3 (F/F m ). Therefore we have (M,fa) = (ir m ,k)# (a) = 
(i"m,fc)* ( M ', i>) = i M 'i ^ra.k ° ip) ■ Thus ( M, fa) and (M', ir m . k o -0) are bordant in 
£l 3 (F/Fk). In the case m = fc + 1, Lemma f5 . 1 ( )l gives the desired result. The case 
to > fc + 1 is achieved via induction. The converse is clear. □ 

We are now ready to continue our proof of Theorem 15.31 First, we are assuming 
that (fj k exists, so Lemma T5. II tells us that at the very least / G J(k). We also as- 
sume that (?7,<%) is trivial in Cl 3 (F/F k ). In particular, (t],^^ = (r? d , 
in Q, 3 (F/F k ). Also, we have 



Hd.k 



= , for all m, and 
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->7 



tti(T7) F 

— , for all m < k. 

F ~ 



Then by Lemma 15 . 1 Ul we can extend the latter isomorphism to 

7n(iy) _ f 



Fk+l 

k+1 



By Lemma 15. II we are able to conclude that / € J (k + 1) and that the continuous 
map <j)J k+1 exists, allowing us to consider ( Tj, ^J^+i) S fl 3 (F/F k+ i). Moreover, 

since we are assuming that we have 

(T 7 ,^ +1 ) ek er(^ 3 (£-) ^-n,( 

and by Corollary 15. 71 

(Tj,f f<k+1 ) e Image («. (^) ft 

Thus Lemma 15 . 131 implies that the isomorphism 

tti(T7) F 



/ F 



Fk+i 



k+1 



extends to an isomorphism 



m(Tl) ^ F 



Fik- 



2k-l 



Therefore, by Lemma 15.11 we are able to conclude that / e ^7(2^ — 1). This 
completes the proof of Theorem 15.31 □ 

5.3. Relating at to the Johnson Homomorphism. The goal of this section is 
to describe how the homomorphism : J(k) — > Sl^F/Fk) relates to Johnson's 
homomorphism : J(k) — > Dk(Hi) C Hom(ifi, Fk/Fk+i). It turns out that r k 
factors through Sl^F/Fk). To see this, we will use Kitano's definition of r k in terms 
of Massey products, which we reviewed in Section l2~3l 

Let X denote the ring of formal power series in the noncommutative variables 
ti, t-2g, and let Xk denote the submodule of X corresponding to the degree k part. 
Because F k /F k +i is a submodule of Xk, we can consider the homomorphism 

T k :J(k)^Kom(Hi,X k ) 

defined in Theorem 12. II Recall from Section |2~31 that we are considering the follow- 
ing dual bases: 

{xi, ...,x 2g ,y} G Hi{T f .i), 
{xt,...,x* 2g ,y*} eH\T fA ), and 
{X u ...,X 2g }€H 2 (T fA ). 
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Define W : ^(F/FkX) — > Hom(ffi,3tjt) to be the map that sends the bordism 
class (Tf t i,dTf t t,<f>f t k) to the homomorphism 

aft i > ^ {{x*^, ...,x* k ) ,X l )tj 1 ■ ■ ■ t Jk . 

jit — ,3k 

Let : Q^F/Fk) — * ^3(F/Fk, C) be the homomorphism induced by inclusion 
which sends \Tj,(fj^ to (Tfi,dTfi,<f>fk). Then we define the homomorphism 
* : ft 3 (.F /F fe ) — > Hom(_ffi, X fc ) to be the composition * = o i*. 

Theorem 5.14. T/ie map 'I' is a well-defined homomorphism. Moreover, the com- 
position f offi corresponds to the Johnson homomorphism so that we have the 
following commutative diagram. 

n 3 (F/Fk) 




J(k) . HomCffi,£ fc ) 

Proof. We only need to show that : Q,3(F/Fk,() — > Hom(i?i , jEj.) is a well- 
defined homomorphism, and the rest of the theorem clearly follows. We will need 
the following lemma. 

Lemma 5.15. Suppose (Mo,4>o) and {M\,4>i) are closed, oriented 3-manif olds with 
m(Mi) = Gi and continuous maps 4>i : Mi — > K(Go/(Go)k, 1)- Further suppose <pi 
induces an isomorphism G\/(G\)k — Go/ (Go)k- If (Mo,(f>o) is bordant to (Mi,c/>i) 
in Q,s(Go/ (Go)fc) an d all Massey products for H (Mo) of length less than k vanish, 
then <f> — (</>o)* (<^i)* : Hi(M\) — > H\(Mo) is an isomorphism such that for 
Xi G H 1 (M ), Si G H 2 (Mo) Poincare dual to Xi, and T\ G H 2 (Mi) Poincare dual 
to 4>*{Xi) G H 1 (M 1 ) we have 

( (x n x jk ) , £ i) = {(((>* (x n ),..., (jf (xj J ) , Ti ) 

where { , } is the dual pairing of H 2 (Mi) and H2(Mi). 

Proof. Since (M ,<j>o) is bordant to (M\,(f>\) in Q 3 (Go/(Go)k), we must also have 
Oo)„ ([M ]) = (0i )» ([Mi]) in H 3 (Go/(G )k) where [Mj] is the fundamental class in 
H$(Mi). The bordism (W, $) between (Mo, </>o) and (Mi, </>i) can be chosen so that 
<i> induces an isomorphism m(W) = Go/(Go)k and the inclusion maps ji : Mi — > W 
induce isomorphisms Gi/ (Gi) k = tti(W)/ (TTi(W)) k . 

W. Dwyer proves in |Dw| (Corollary 2.5) that for cohomology classes an G H 1 (W) 
we have (a±, ...,a m ) — if and only if j'q (ai, a m ) — for m < k. However, 
by the naturality of Massey products given in property 12.21 2). we know that 
j'o (ai, a m ) C (Jo (oti), Jo( a m)) , and the latter is since Massey products 
of length less than k vanish for if (Mo). Thus (ai, a m ) — for all a, G H 1 (W). 
Moreover, j\ : H 1 (W) — > if 1 (Mi) is an isomorphism. Then for any y^ G if 1 (Mi) 
there exists an CKj G i? 1 (M / ) such that jl(cti) = t/j. Thus for m < k we have 

(yi,-,y m ) = (j*(ai)>-,j*( a m)) 
= j* {oti, —,a m ) 
= 
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where the second equality follows from naturality. So then we have shown that 
all Massey products of length less than k vanish also for H 1 (W) and if 1 (Mi). 
Thus Massey products for if^Mo), ff^Mi), and ^(W) of length k are uniquely 
defined. 

Consider x t e H 1 ^) with Poincare dual £; e H 2 (M ). Let jFj G H 2 (M 1 ) 
be Poincare dual to 4>*{xi) S if 1 (Mi), where is the isomorphism given by the 
composition = (0o)7 ° (0i)* : Hx{M{) — ► H\{Mq). Then we have 

= (0o)* (a* n [M ]) 

= (0S)" 1 (a*) n fa,), ([M ]) 

= (^U^O^nlMi]) 

where the second and fourth equalities follow from the naturality of cap products. 
Now choose G i7 1 (G /(Go)fc) such that 05 (A) = £»• Then 

{(x h ,...,X jk ) ,£i) = {{(l>o(0ji),-,<f>o{03k)}> £ i) 

= «/3 J1 ,...,/3 Jfe ),(0 o )*(^)> 

= m{fi h ),...,4>* 1 {0 jk )),ri) 

= (((0*o^)(/3 3 ,),...,(0*o0*)(/3,J),^) 

= (i ( t ) *(Xj 1 ),-,<f>*(Xj k )) ■ 

This completes the proof of the lemma. □ 

Consider the mapping classes /, /i 6 J{k). We have the dual bases mentioned 
above for specific homology and cohomology groups of 7/^. Consider the following 
dual bases defined in the same manner for Th,v 

{wi,...,w 2g ,z} e Hi(T h>1 ), 
{wt,...,w* 2g ,z*} &H\T h ^), and 

{Wt,...,W 2g }GH 2 (T h!l ). 

Recall that T~J was constructed from Tf t i by filling the boundary dTf t i — <9£ Sl i x 
S 1 with a solid torus x D 2 . Let ^ : Tf t \ — ► be the inclusion map, and 

then we have a basis 

where a* = (("0/), (^j)) • Since x* is the Horn dual of Xi, by definition we have that 
the dual pairing is (x*,Xj) = Similarly a* is the Horn dual of (V'/), (x,), and 

thus (^4>f(a*), Xj^i = (a*, (V'/)* (#»)) = Note that this implies that ipf(a*) = x*. 

Letting ^4, denote the Poincare dual of a* gives a basis for H 2 (Tj): 

{Ai, ...,A 2g } e H 2 (T7). 
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By carefully examining the following commutative diagram, we see (V*/)* (Xi) = Ai 
H x (T ftl ,dT fA ) 



Horn dual 



HHT f<1 ,dT fA ) n[T ^ dT ^ H 2 (T fil ) 



Hi (T/,0 



Horn dual 



H 



Horn dual 



r 



H 1 (T f>1 ) 



H 1 ( T] 



(V>/)„ 



n 



7° 



Finally, let Ai E HiiT^) denote the Poincare dual to 0*(a*), where <fi is the iso- 
morphism guaranteed by the following corollary. Then for Th,i we similarly have 
^((f)* (a*)) = w* and (iph)* (W*) — -^i- We have the following immediate corollary 
to Lemma 15.151 

Corollary 5.16. If (Tj,<f>j k ^ = m D, 3 (F/F k ), then the isomorphism 

= (M* 1 o (0 X ), : H^TJ) -> Hx{Tj) satisfies 

((a* 1 ,...,al),A i ) = ((r(al),...A*(a* k )),Ai) 

where Ai is Poincare dual to <jf(a*). □ 

Lemma 5.17. If {T fA ,dT fA ,(f> ftk ) = (T M ,0T M ,0 M ) n 3 (F/F fc ,0, ^en 

Proof. Since f,h € J(k), Theorem 12.21 savs that the Massey products of length 
less than A; for (Tf t i,dTf^) and (T/^i, cJT/^i) must vanish. Thus (x^ , x* fc ) and 

(u^, w* fc ) are uniquely defined. By Corollary 15.51 we know that (Tj,4>J^J — 

(t^, <^ )fc J in Q 3 (F/Fk). So we let 4> be the isomorphism guaranteed by Corollary 
15.161 Then we have 



((x* ji ,...,x* h ),X i ) 



= <<v>K<)>-^/(<)>'^> 

= ((^kj,...,^)),^) 

= (<^(a*J,...>>*J),(^U^)) 

= ^(ffa'),...,^^))^,) 

= ((^(f(«*)),...i; i (f(a*))),^) 



□ 



This proves that : Q,3(F/F k ,() — > Hom(.Hi,jEfc) is a well-defined homomor- 
phism and completes the proof of Theorem 15. 141 □ 
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5.4. Relating Ok to Morita's Homomorphism. As we have already seen in the 
proof of Corollary 15.71 there is an isomorphism $ : ^(F/Fk) — * H^{F/Fk) given 
by (M,(j>) i— > ( [Af ] ) , where [M] is the fundamental class in Ha(M). Because of 
this, one may guess that there is a relationship between a k ■ J{k) — > VL^(F/ Fk) and 
Morita's refinement fk : J(k) — > H-i(F/Fk) discussed in Section l2~4l This assump- 
tion turns out to be correct, and the two homomorphisms are in fact equivalent. 
However, o~k gives a representation that is much more geometric, and as we will see 
in Sectional Ofc leads to interesting questions that does not. 

Theorem 5.18. The homomorphism o~k : J(k) — > Q,^(F / Fk) coincides with the 
Morita refinement of the Johnson homomorphism so that we have a commutative 
diagram. 

n 3 ' ' 




J(k) . , r 

Tk \fk. 

Corollary 5.19. The kernel of Morita's refinement fk is J (2k — 1) . 
Proof. This is an immediate consequence of Theorem 15.181 and Corollary 15. 41 



□ 



Proof of Theorem \5.18l Consider a genus g surface with one boundary component 
E = E g .i and / 6 J(k). Let r:Ex [0, 1] ->■ E be a retraction, : E — » K(F/F k , 1) 
be a continuous map that induces the canonical epimorphism F -» F/Fk, and 
i : K(F/F k , 1) -»• (K{F/F kl 1),C) be the inclusion map. Also let G : E x [0, 1] -> 
(Tj t \,dTfj) be the composition of the "gluing map" E x [0,1] — > T^i and the 
inclusion T/^ — > (Tf^,dTf t i). Recall that the maps <j>f^ and cj>j k defined at the 
beginning of Section [5.21 are defined only up to homotopy. We choose them so that 
the following diagram commutes. 

E x [0, 1] 



G 




K(F/F k ,l) 



(T f<1 ,dT fil ) ™* ► (K(F/F k ,l),Q 

That is, we have (f>f fk ° G = i o ip o r. 

Consider the fundamental class [T^i, 9T/,i] £ H 3 (Tf^,dTf^), and suppose that 
(tf,dtf) G Cz(Tf^,dTf t i) is a corresponding relative 3-cycle. Now we choose a 
2-chain it G ^(E x [0, 1]) so that da is in the homotopy class of a simple closed 
curve on E x {0} parallel to the boundary 9E x {0} . Let a also denote r#(cr) £ 
C2(E), and choose a 3-chain p s C^E x [0,1]) so that G#(p) = (tf,dtf) and 
0/> = <r-/ # (<7) + (0ffx[O,l]). 
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Consider the restriction r|asx[o,i]' Then r#(cV x [0, 1]) = e G C2(<9E), and 
dr # {p) = r # d(p) 

= r#(a - f#(a) + (da x [0,1])) 

= r # ( ff )-r # (/ # (a))+r # (9ax[0,l]) 

= a-f#(a)+e 

Since / is the identity on the boundary, we must have da — f#(da) = 0, and 
therefore = d(dr#(p)) = d(a-f # (a)+e) = da-f # (da) + de = de. Since i? 2 (<9E) 
is trivial, there must be a 3-chain -q G C3($E) such that dr\ = e. Let j : E — ► Ex [0, 1] 
be the inclusion map, and consider j#(rf) G C3(<9E x [0, 1]) — > C3(E x [0, 1]). Define 
c/ G C 3 (E) to be 

c / = r#(p-j#(r})) 
= r # {p) -r#j#(<n) 
= r # (p)-rj. 

Then dc f = dr#(p) - dr] = (a - f#(a) + e) - e = a - /#(<r). 

Also, since j#(r]) £ Cs(E x [0,1]) is carried by the subcomplex <9E x [0,1], 
G#(j#(r])) must be carried by dTf t \. Thus G#(j#(r])) = 0, and 

G#(j>-j # (r})) = G#{p)-G # U#(v)) 
= (tf,dt f ). 

Let c/ = ip#(cf) G Cz(F/Fk)- Then c/ is a 3-cycle since / G t7(fe) induces the 
identity on F/F^. Let [c/] G H^F/Fk) denote the corresponding homology class, 
and 

= [«#(c/)] 

(ioV>or) # (p- J#(r/)) 

(4>f,k°G) # (p-j#(r))) 

(<Pf,k)# (tf,dt f ) 

= (4>f,k)A[T f ,i,dT fA ]) 

On the other hand, we also have = (P/,i>^/,i])> aim 

since i* : Hs(F/Fk) — > H^(F / F^,Q) is an isomorphism, we must have [c/] = 
($, fc ).(P} 7 ]). 

Finally, notice that our choices of cr G C2(E) and c/ G Ca(E) certainly qualify 
as choices for it G C 2 (F) and c/ G C$(F), respectively, in the construction of 



Morita's homomorphism in Section l/T^El Thus we have (<I> o at) (/) 

/ k)*(P7D — [c/] = ^fc(/)> an d the theorem is proved. 



$(t;, 



□ 



Now that we see that at ■ J{k) — > Q,^(F/Fk) and Morita's homomorphism are 
indeed equivalent, we can describe in a different way how a^ relates to Johnson's 
homomorphism : J(k) — » _ff i (g) Fk/Fk+i ■ Recall the differential 
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discussed in Section l2~4l Then Tk factors through Q,^{F/Fk) so that the following 
diagram commutes. 




6. A Spin Bordism Representation of the Mapping Class Group 

We introduced in Section 0a new representation a% : J(k) — > Vt^(F/Fk) which 
we then showed was equivalent to Morita's homomorphism fk : J{k) — > H%{F/ F^)- 
Because of the range of the latter homomorphism, it may seem preferable to those 
who have a firm understanding of homology. However, <Jk has its advantages. First, 
it simply has a more geometric nature to it. Second, and perhaps most importantly, 
it naturally leads to an interesting question that fk does not. What happens when 
we add more structure to the bordism group? More specifically, what is the result of 
replacing the bordism group Q^^F/Fk) with the spin bordism group fl^ pm (F / Fk)"? 

6.1. A Spin Bordism Invariant of J(k). Recall that a spin structure can be 
thought of as a trivialization of the stable tangent bundle restricted to the 2- 
skeleton, and every oriented 3-manifold has a spin structure. Since a spin struc- 
ture on a manifold induces a spin structure on its boundary, we can define the 
3- dimensional spin bordism group Q'^ pm (X) in exactly the same way as the ori- 
ented bordism group ^(X) with the additional requirement that spin structures 
on spin bordant 3-manifolds must extend to a spin structure on the 4-dimensional 
bordism between them. That is, elements of ^ pm (X) are equivalence classes of 
triples (M, cf>, a) consisting of a closed, spin 3-manifold M with spin structure a and 
a continuous map <f> : M — > X. We say two elements (Mo, 4>o, o~a) and (Mi, <f>i, a\) 
are equivalent, or spin bordant over X, if there is a triple (W, $, a) consisting of a 
compact, spin 4-manifold (W, a) with boundary d(W, a) — (Mo,<7o) LT — (Mi,cri) 
and a continuous map $ : W — > X satisfying $|Mj = (pi. 

Further recall that the spin structures for a spin manifold M are enumerated 
by ff 1 (M;Z2). Thus, for example, the number of possible spin structures on an 
oriented surface £ 9l i of genus g with one boundary component is \H 1 (T, g ^] Z^)) = 

Z 2 2 9 = 2 2 3. If we fix a spin structure on then we can extend it to the product 

S g ,i x [0,1]. Now consider the mapping class / 6 J{k) for E 9) i. For k > 2, / 
acts trivially on Z2) and on the set of spin structures. Thus the spin 

structure on S g .i x [0, 1] can be extended to the mapping torus Tf t \. The number 

of possible spin structures for T^i is \H 1 (Tf^\ 12)\ = 'L\ 9+1 = 2 29+1 , where the 

extra factor of 2 corresponds to the extra generator 7 G 7Ti(T/ ! i). Remember that 
we construct Tj from T^i by performing a Dehn filling along 7, i.e. filling the 
boundary dTf : i — 9E ff .i x S 1 with dT, 3y i x D 2 . Then, as long as we choose the spin 
structure for 7 which extends over a disk, we can extend the spin structure on T^i 
to a spin structure a onTj. Again, the number of possible spin structures for Tj 
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is iJ 1 (Tj;Z2) = 1? 2 = 2 2s , and these exactly correspond to the spin structures 
on Let (f f k : T] -> K{F/F k , 1) be as before. 

Theorem 6.1. Let S g j fee a surface of genus g with one boundary component and 
a fixed spin structure. Let a denote the corresponding spin structure on Tj for all 
f S J{k), k > 2. TTien £/iere is a finite family of well-defined homomorphisms 

V<T>k : J(k) - Qf " / 



i 7 / 



de/med &j/ r? CT , fe (/) = \Tj, 



<>h> 



Proof. This follows directly from the proof that a k : J(k) — » Q, 3 (F/F k ) is a well- 
defined homomorphism (see Theorem 15.211 since the spin structure on II 

naturally extends over the product (tJ II Tjjj x [0, 1] and the spin structure on 
S 9i i naturally extends over the product £ ,i x [—£,£] x [—5,5] ■ □ 

First, we point out that if we compose this homomorphism with a "forgetful" 
map which ignores the spin structure then we obtain our original homomorphism 
Cfc. Second, recall the proof of Corollarv l5 . 7l where we pointed out that, by using the 
Atiyah-Hirzebruch spectral sequence, one could build the n-dimensional bordism 
group Q n (X,A) using H P (X, A;Q q ) with p + q = n as building blocks. In the 
same way, the n-dimensional spin bordism group £l s r f m (X, A) is constructed out of 
H P (X, A; n s q P m ) with p + q = n, where Q, s q P m = Q s P in (-) is the spin bordism group 
of a single point. Unlike the previous case, all but one of these coefficient groups 
are nontrivial for n = 3. In particular, since f2p pm = Z, £l spin = VL s 2 pin = Z2, and 
Qspin ^ | e |^ we ]j ave U^ pm (F/F k ) is built out of 

H 3 (F/F k ;n%> m ) S H 3 (F/F k ) S ^(F/^fe), 

H 2 (F/F k ;Q sptn ) « H 2 {F/F k )®Z 2 = F k /F k+1 ®Z 2 , 

H 1 (F/F k ;fl s 2 pm ) S H 1 (F/F k )^Z 2 = Z^, and 

H (F/F k ;Qf n ) = 0. 

And so at the very least we see that there is potential for to give much more 
information about the structure of the group J(k). 

6.2. A Closer Look at 77^2 • We will now investigate the specific case when k = 2 
and see what information 77^2 : JiP) Q spm {F/F 2 ) gives us about the Torelli 
group J "(2). We have already seen that the original Johnson homomorphism r 2 
factors through £l spm (F '/ F 2 ) (see Theorem 15. 141 ) In this section we will see that, 
in fact, the Birman-Craggs homomorphisms {p q } also factor through Q, spm (F/F 2 ). 
Therefore, this new homomorphism 770- 2 combines the Johnson homomorphism and 
Birman-Craggs homomorphism into a single one. 

Consider any mapping class / G i7(2) and fix a spin structure on Let a be 
the corresponding spin structure on Tl. Finally let (ft = <f>l 2 : Tl — > K(F/F 2 , 1) be 
a continuous map which induces the canonical epimorphism wi(Tj) -» F/F 2 = l? 9 . 

Then the image under 77^2 of / is I T7 ^ 7 



The group 



of homotopy classes of maps T7 — > S* 1 is in one-to-one 



correspondence with Hom(7Ti(T7), Z). In fact, there is an isomorphism 
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JJ 1 (T^;Z). Let a G i? 1 (Ty';Z) be a primitive cohomology class, then there is a 
continuous map ip a : Tl — > S 1 corresponding to a. There is a connected surface S 
embedded in Tl which represents a class in H 2 (Tj) Poincare dual to a, and this 
surface S represents the same homology class in H^iT'J) as ip^ip) does, where 
p G 5 1 is a regular value of ip a . (If p G S 1 is a regular value of ip a , then tp^ip) is 
an embedded, codimension 1 submanifold of Tj. That is, tp~ 1 (p) is an embedded 
surface in Tl .) 




Figure 6.1. Embedding of S into T/,i iy and the map ip a 

Let 7r Q : K(F/F2, 1) — > S* 1 be a continuous map such that ip a is homotopic to 
7r Q o <fpp and let (7r a ) t : Of^ 171 (F / F%) — > rig pm (S' 1 ) denote the induced bordism 
homomorphism. Then we can define a homomorphism 

^ a = (tt q ), o 7^2 : ,7(2) -> fif*"^ 1 ) 
by sending / G ^7(2) to the bordism class fiy , ip a , cr^ G 0^ nn (S 1 ). Again, using 

the Atiyah-Hirzebruch spectral sequence, we see that il^' m (S 1 ) = fi^ 1 ™ — ^2- The 
specific isomorphism is given by (M, (j>, er) i— > (p), o"|^,-i( p )) , where p G S* 1 is a 
regular value of </>. We can see by this isomorphism that the spin structure on Tj 
restricts to a spin structure on S = ipa (p)- 

Theorem 6.2. The fixed spin structure a on S 9i i has a canonically associated qua- 
dratic form q : Hi(S fli i;Z2) — ► 1<x. If Arf (?) = 0, i/iere «s a primitive coho- 
mology class a G H 1 (Tj\'£) such that the homomorphism w CT)a : J7"(2) — > r2g pm (S' 1 ) 
is equivalent to the Birman-Craggs homomorphism p q : 3(f£) — ► Z2. 

We note that the hypothesis Arf(S S) i, q) = is necessary for the Birman-Craggs 
homomorphism p q : J "(2) — > Z2 to be defined. See Section |3| for details. 

We have a surface 5 = ip^ip) embedded in T7. To determine whether the 
image of / under the homomorphism uj a _ a : J {2) — ► ^^"(S' 1 ) is trivial or not, we 
simply need to determine (S,a\s) G Cl^" n . However, this is just the well-known 
Arf invariant of S with respect to a\s- We defined the Arf invariant Arf(E,g) for 
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a closed surface E and Z2-quadratic form q : -£/i(E; Z2) — > Z2 in Sectional For the 
spin structure cr|s on S let go- : Hi(S; Z2) —> Z2 be the corresponding Z2-quadratic 
form. Namely, q a is defined to be the quadratic form given by q a (x) = if o~\ x is 
the spin structure that extends over a disk and q a (x) = 1 if a\ x does not extend 
over a disk. It is the work of Johnson in [JJ that tells us this quadratic form is 
equivalent to the quadratic form discussed in Section Then we have 



spin 



Arf (S, q a ) = Arf (S, a\ s ) = (S, a\ s ) e fij 

We will also need a more general definition of the Arf invariant which includes 
surfaces with boundary. The definition is the same except for a small change to the 
Z2-quadratic form q. In particular we have a Z2-quadratic form 

q . .» 



i.(J?i(d£;Z2)) 

where i* is induced by inclusion i : 9E — > E. Then for a symplectic basis {xi, y{\ of 
the quotient -f/i(E; X2) / i*(Hi[dT,\ Z2)), the ^4r/ invariant of E with respect to q is 
defined to be 

s 

Arf(E )9 )=5^ ? (xi) ? ( W ) (mod 2). 

i=l 

Notice that if the surface E happens to be embedded in S 3 then this definition 
is the same as the definition of the Arf invariant Arf (L) of an oriented link L in 
S 3 with components {Li} and satisfying the property that the linking number is 
lk (Li, L — Li) = modulo 2. The surface E would be a Seifert surface for the link, 
and q would be the mod 2 Seifert self-linking form on i?i(E; Z 2 )/i»(i?i(9E; Z 2 )), 
where the self-linking is computed with respect to a push-off in a direction normal 
to the surface. See the W. Lickorish text [H| for more details. 

Now consider the surface S — ipa 1 ^) embedded in Tj, and suppose that S has 
genus k. There exists a symplectic basis {xi,yi}, 1 < i < k, of Hi(S]l2) such 
that x/c is homologous to the homology class [7] corresponding to 7 in T'j and yk 
is homologous to the homology class of (3 = S PI E g .i C T7. But 7 was required to 
have the spin structure that extends over a disk (so the spin structure on T/,i may 
be extended to a spin structure on T7.) Thus q a (xk) = <Zo-([7]) = 0, and 

k fe-1 

Arf(5, q a ) = ^2 q<r(xi)qa(yi) = ^2 

i=l t=l 

If we cut 5 open along a simple closed curve parallel to [3 = S PI E 9i i then the 
result deformation retracts to a surface S' with boundary OS' = [3 II —f(fi) and 
such that -ffi(S";Z 2 ) has symplectic basis 1 < i < fc — 1. (See Figure 1^1 ) 

If we let <^ : H\(S'; Z 2 )/i*(i?i(95'; Z 2 )) — > Z 2 be the induced Z 2 -quadratic form, 
then 

fe-i fe-i 
Arf (S, q a ) - J2 ^ X MM - J2 tifaWM = Arf ( S> > O- 

i=l i=l 

According to Johnson in |J lj . the quadratic form g (in the statement of Theorem 
16.21) corresponds to a Heegaard embedding of E 9i i into S 3 . Thus we get an induced 
embedding of E S) i x [0, 1], and thus of S', into S 3 , and the quadratic form q' a is 
precisely the same as the mod 2 Seifert self-linking form. Thus we see that to 
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calculate Arf (5, q a ), we really only need to calculate the Arf invariant of the link 
{/?, /(/?)} with Seifert surface S' . 





Figure 6.2. S cut open along (3 to obtain S' 

Since there is an isomorphism iJ x (Tj;Z) = ^(Eg.uZ), a £ ff^T^Z) has a 
corresponding class in iJ 1 (S a> i; Z) which we will also call a. The homology class of 
[3 = S fl £ 9 ,i in Hi(Tj) also has a corresponding class 
homology class of 5 1 is Poincare dual to a G iJ 1 (Tj; 
Poincare dual to a G iJ 1 (S £)i i; Z). 



Z) 



in Since the 

3] e £fi(£ s ,i) must be 



Proof of Theorem \6.Sl We have a fixed spin structure cr on £ g ,i. Let g be the associ- 
ated Z2-quadratic form. Recall from Section [3] that the hypothesis Arf(S 5j i, q) = 
was necessary for the Birman-Craggs homomorphism p q : J{2) — > Z 2 to be defined. 
We have already seen that the spin structure on S 9i i induces a spin structure on 
Tj which we will also denote by a and which in turn induces a spin structure <r|s 
on the surface S defined above. To prove the theorem, we need to find a primitive 
cohomology class a G i? 1 (Tj ;Z) such that w CT , a (/) = p q (f)- To accomplish this we 
need to find a surface S that represents a homology class Poincare dual to a and 
such that Arf (5, q a ) = Aii(S',q' a .) = p q {f)- To do so, we will construct a simple 
closed curve f3 on and calculate the Arf invariant Arf (/3, f{[3)) with Seifert 
surface S" in £ s ,i x [0, 1] S 13 . 

Recall that for genus g = 2 surfaces, the Torelli group ^7(2) is generated by 
the collection of all Dehn twists about bounding simple closed curves, and for 
genus g > 3, J {2) is generated by the collection of all Dehn twists about genus 
1 cobounding pairs of simple closed curves, i.e. pairs of non-bounding, disjoint, 
homologous simple closed curves that together bound a genus 1 subsurface. Thus 
it is sufficient to prove the claim for such elements of J {2). 

First assume that g — 2 and C is a genus 1 bounding simple closed curve on 
£2,1. Let / be a Dehn twist about C. Then C splits £2,1 into two genus 1 surfaces 
£ a and E&. Let {x a ,y a } and {xb,yb} be symplectic bases of f/i(£ a )/i*(iii(<9£ a )) 
and ifi(£fc)/z*(ifi(9£f,)), respectively. Then we have two cases: 

(i) p q {f) = Arf(E Q ,g| s J - Arf(E h , g| E J = 1 

q{x a ) = q(y a ) = q(x b ) = q(y b ) = 1, or 

(ii) p q (f) = Arf(E a , 9 | S J = Arf(E 6 , g| E J = 

<^=> at least one of {g(x a ), 9(y a )} and one of {^(^fe), 9(2/6)} are 0. 
Without loss of generality, let us assume in case (ii) that q(x a ) — q{%b) — 0. Then 
in either case we have p q (f) = q(x a ). Let (3 be a simple closed curve on E 2j i <-> 
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which intersects C exactly twice and such that \j3] £ -ffi(£2,i) is homologous to 
x a + Xb. Then we also have the simple closed curve /(/?) on /(£2,i) Tj. Near C 
the picture will always be as in Figure IB31 and we choose S' to be this particular 
surface pictured in Figure l6~3l with boundary dS' = /3H — /(/?). This surface S' has 




Figure 6.3. Surface S' in T] with boundary [311— f {(3) (for g = 2) 

spin structure o"|g; and a corresponding quadratic form 

: H 1 {S';Z 2 )/U(H l (dS , ;Z 2 )) ^ Z 2 

given by the mod 2 self- linking form. Notice that {x Q , [C] } is a symplectic basis for 
the quotient Hi(S';Z 2 )/u(Hi(dS';Z 2 )). Then we have 

u> a , a (f) = ArfOS',<£) =^ Arf(/3,/(/3)) = ([C]). 
Note that, while C is a product of commutators on S 2 ,i, it is not a product of 
commutators on S'. But it is easy to see from Figure EHfl that q£.([C]) = lk (C, C + ) = 
1 modulo 2. It is also clear that q' a (x a ) = q(x a ). Thus 

w ff , a (/) = <7^(x a )<^([C]) = g(a; ) = Arf(£ , g| E J = 

Now assume that g > 3 and Ci and C2 are genus 1 cobounding pairs of simple 
closed curves on £ ff ,i. Let / be a composition of Dehn twists about C\ and C%. 
Then C\ and C2 cobound a genus 1 subsurface £'. Let {x, y} be a symplectic basis 
of ffi(E')/i*(ffi(9S'))- There are two cases: 

(1) g(Ci)=g(Ca) = 1 and 

(2) q(d) = q(C 2 ) = 0. 

For case (1), we simply let /3 be a simple closed curve on £ ffi i <^-» which does 
not intersect Ci or C2. Then / will not affect /3, and we can choose S' to be a 
straight cylinder between j3 and /(/?) so that Hi(S'; Z 2 )/i*(JJi(9S"; Z 2 )) is trivial. 
Thus uj a ,a{f) — Aif(S',q' cr ) = 0. We also know from the end of Section that in 
this case = 0. 

For case (2), we have two subcases: 

(i) p q {f) = Arf(£', q\„) = 1 q(x) = g(y) = 1, or 

(ii) Pq(f) = Arf(E', = at least one of {q(x),q(y)} is 0. 
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Again without loss of generality, let us assume in case (ii) that q(x) = 0. In both 
cases let (3 be a simple closed curve on E fl) i <—* T7 which intersects each of G\ and 
C 2 exactly once and such that [0\ G Hi(Yj 9: i) is homologous to x + x' , where x' 
is any nontrivial homology class in ifi(S S) i — £'). Then we also have the simple 
closed curve f((3) on c — > T? . Near C\ and C 2 the picture will always be 
as in Figure and we choose S' to be this particular surface pictured in Figure 
16.41 with boundary OS' = j3 II — f((3). Again this surface S' has spin structure er|s' 





Figure 6.4. Surface S' in T] with boundary /3 II -/ (/?) (for 5 > 3) 

and a corresponding quadratic form q' a : Hi(S';Z2)/i*(H±(dS';Z2)) — > Z2 given 
by the mod 2 self-linking form. Let y' be any homology class such that {x,y'} is a 
symplectic basis for H 1 (S / ;Z 2 ) /i^(Hi(dS' ;Z 2 )). Then we have 

u a , a (j) = Arf(S",0 d =' Arf(/3,/(/3)) = <£(*)<£ (2/) • 

Notice that is also a basis for Hi(E'; Z2)/i*(i?i ((?£'; Z2)) and that g^t^) = 

and q' a (y') = q{y')- Thus we see that 

U<r,a(f) = q'a( x Wa(y') = tffaMj/') = Arf (£', = Pg(/)- 

This completes the proof of Theorem 16. 21 □ 

As a result of this theorem and Theorem 15.141 we see that 77^2 contains the 
necessary information for determining both the Johnson homomorphism t 2 and the 
Birman-Craggs homomorphism p q . Recall from Section 0] that the abelianization 
H 1 (J(2);Z) ^ J(2)/[J(2),J(2)] of the Torelli group is completely determined by 
T2 and p q (over all possible q) since the commutator subgroup of the Torelli group 
is given by the kernels of these homomorphisms. Namely, we have [i/(2), J {2)] = 
C n ^7(3), where C = f] q kei p q . Suppose we take a mapping class / G kerry^- 
Certainly it is true that / G kcrp 9 n ,7(3) since t 2 and p q factor through r\ a , 2 . 
Moreover, if 

V = Plkerry^ 

a 

is the common kernel over all possible spin structures, then V C Cnj'(3). Of course 
it would be nice to know if the converse is also true. 
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Problem 6.3. What is ker 77^2 ? Is kerr? CT , 2 = ker p q n J(3) ? 
Problem 6.4. Is it true that V = C J(3) = [J(2), J (2)] ? 

6.3. Analysis of r\ a f.. In this section we shift our focus to the general homo- 
morphism r) a ^ '■ J(k) — » fi^*' 1 (F '/ 'F k ) for arbitrary values of k. We already know 
that keryy^fc C J {2k — 1) = ker a k since the oriented bordism homomorphism 
Cfe : — > ^(F/Fk) factors through fig Ptn (F '/ F k ) . However, the additional 
structure on the bordism given by the spin structures should refine the kernel of 

VcrM- 

Problem 6.5. What is the kernel ofr] aj k? 

Problem 6.6. Does r\ a ^ give a faithful representation of the abelianization of 
J(k)? In other words, is lmr]^ k = J{k)/ [J(k),J(k)} ? 

A sufficient condition for / £ ker is given in the following theorem, but it is 
most likely not necessary. Consider the entire collection {w CT . Q } of the homomor- 
phisms cu a ,a '■ J{2) — > U, spm (S 1 ) defined in Section l6~^l and let 

B =P|kerw^ Q 

a 

be the common kernel of all Lo,j,a for all a £ i? 1 (T^ ; Z). 
Theorem 6.7. If f e B H J {2k + 1), then f £ ker7y CTjfc . 

Note that the hypothesis requires / £ J (2k + 1) , not just / £ J (2k — 1) . The 
purpose of this will be revealed in the proof of the theorem, but it is probably not 
necessary. However, as stated above, it is certainly necessary that / £ J (2k — 1) . 

Before we give the proof of this theorem, let us first set up some necessary 
notation. For a more complete discussion, we refer the reader to Whitehead's book 
|Wh| . We will be using the Atiyah-Hirzebruch spectral sequence. In particular, let 



(*) JZ = Image (fe,^ : U £) j _ (£) j . 

Here (F/F m )^ denotes the p-skeleton of K(F/F m ,l), (i p , q ) t is induced by the 
inclusion map (F/F m )& ^ K(F/F m , 1), and n s P m (F/F m ) denotes the reduced 
spin bordism group defined by 

Note that if (M,cj),a) £ J™ q then for / < m the triple (Af, ir m .i o (p, a) is in J p q , 
where ir m j : K(F/F m , 1) — > K(F/Fi, 1) is the projection map. Let 

■®p,5 — H P (F/F m ; ft s q pm ), 
and the boundary operator is 

^2 . 77*2 p2 

P,9 • ^p.q ^-2,5+1- 

The groups E% may be thought of as the building blocks for Cl^" 1 (F / F m ) with 
p + q = n. In actuality, the building blocks are the groups E™ q = lim.E£ g , where 
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for r > 3 



kerrf^ 1 
M Imdr 1 



and <f-} : FIT 1 



El 



r-l 

p— r+l,g+r— 2* 



p+r— 1,<j— r+2 

We also have an isomorphism 

V ' P,1 ~ J p,ql J p-l,q+l- 

Since n" 3 pm = 0, we then have n" 3 pm (F/F m ) S hf ln (F/F m ) and 
ng pm (F/F TO ) = J™ D J™! D J™ 2 D J^ 3 = 0. 
Then one can show that the relevant are as follows. 



3,0 



TP 00 
^1,2 

771 OO 

-C/n 



£ 3 



kerd§„ CH 3 (F/F, 



coker , 



! -H 3 (F/F, 
H 2 (F/F m ;nl pm )/lmd 



2 

4.0 



= E* 2 = coker 4 S Hi(F/F m \ Q s 2 pin ) / Im d 2 ^ 
= 



We can now begin our proof of Theorem 16.71 

Proof of Theorem \b\'l\ We assume that f € Bf] J (2k + 1), and we want to show 
that (T],(f ftk> a] = in VLf m (F/F k ). Since n spm (F/F m ) = J 3 m , we may per- 
turb any (M , <f>, a) E £l spm (F/F m ) to ensure that (f>(M) is contained in the 3- 
skeleton (F/F m )^ of K(F/F m , 1). That is, by the definition of J^ given in 
Q we can choose 0' homotopic to <fi so that (M,<p',a) G ^^"((F/i 7 ^)^ 3 )) and 
(i 3| o), (M, 0', a) = (M, 0, a) in fif"(F/F m ). 

Since / € J (2k + 1) C J (k + 1), Lemma UTTl savs (f^ k+1 exists. We start with 

(T],(p ftk+l ,o} e Jffi. Then Theorem O says that the pair (tJ, ^ fc+1 ) = 
in n 3 (F/F k+1 ). Thus (<^ fc+1 )*([T/]) = in H 3 (F/F k+1 ) S and we there- 

fore know from (feTjl that (Tj , <^>y <r^ must be in J^i" 1 . Thus by (Q there 
exists a triple (M' , <j>' , a') 6 «3 Pm ((F/F fe+ i) (2) ) such that (i 2 ,i)jM',c/)',cr') = 



( 



Tj , k+1 , aj in f2 3 p (F/F k+ i) as indicated in the following diagram. 

nf n ((F/F k+l )W) 



(M',0>') 



f^"(F/F 2fc+1 ) 



(17, ^ 



Lemma 6.8. T/ie homomorphism (itk+i.k)* '■ J% IV^i 2^ — * J' 1 /^i2 * s trivial. 
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Proof. By we have J^/J^ 1 = Eft H 2 {F/F k+1 ; fif m )/ Imd| . Sim- 
ilarly, we have J 2 \/J\ 2 — H2{F/Fk;£li Pin )/hn.d,4 :0 . So this homomorphism is 
equivalent to 

g 2 (F/F fe+i; nf") , g 2 (TO 

Imd| Im^lo 
In the proof of Corollary we showed that H 2 (F/F k+1 ) -> H 2 (F/F k ) is the 
zero map. Thus H 2 (F/F k+ i;£l s 1 pm ) — ► H 2 (F/F k ; nj pm ) is also trivial, and the 
conclusion follows. □ 

Consider the image of ^Ty , k+1 , o^j in Q, spm (F/F k ) under the homomorphism 
(Trfc+n). : nf"(TO+i) - n? in (F/F k ). This image is of course (T/,^ fc ,a), 
and since rTj, (fj <k+1 , cr) G J^ 1 , Lemma Ol tells us \ Tj ,<f)j k ,a^ G j£ 2 - By (Q 
there is a triple (Af ", </>", a") £ ^"((F/i^ 1 )) such that (i^), (M",0",ct") = 
, (j>J k ,a^ in £l spin (F / F k ) as indicated in the following diagram. 



nf"((TO +1 )< 2 )) 



nr n (F/F 2k+1 ) — n^ n {F/F fc+1 ) 



( T 7^/,2fe+l' (7 ) h 



(T7,0} ife+1 ,<7)h 



n ^" ((F/Ffc) (l)) 



{M»,<f>»,o") 



nf n (F/F k ) 



Now we use the fact that / G 6. Recall Civ ia = (ttq,)^ o ^2 : J7(2) — > fi^"™^ 1 ) 
and (7r Q )„ : n spm {F/F 2 ) -> ^"(S 1 ). Since the 1-skeleton (F/F fe ) (1) is homotopy 
equivalent to the wedge of 2g circles, we have 

n s 3 pm ((F/F k )^) si nf B (5 1 v--vs 1 ) 

and the following commutative diagram. 



J(k) 



2 Sn spm (s 1 ) 



(<i,a)„ 



ttf n (TO) 



Qf ro (F/F 2 ) 
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There is a basis of i? 1 (T^'; Z) such that for each basis element a.i the range of the ho- 

momorphism uj a . ai corresponds to a summand of Q s 3 prn {{F/ F k )^) S e^3 Pm (S' 1 ). 
Since / e B, (M", <j>" , a") e Sl% rin ((F/F k )W) must be trivial in each summand 

of e«3 pm (5' 1 ), and thus it must be trivial in n s / m ((F / F k )^ ) . Therefore = 
(ii, 2 ), {M",4>",o") = (T],4>l k ,a) in Qf n (F/F k ). □ 
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